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Building on a previous proposal for the entanglement of electron-hole pairs in the Fermi sea,
we show how 3 qubits can be entangled without using electron-electron interactions. As in the
2-qubit case, this electronic scheme works even if the sources are in (local) thermal equilibrium —
in contrast to the photonic analogue. The 3 qubits are represented by 4 edge-channel excitations in
the quantum Hall effect (2 hole excitations plus 2 electron excitations with identical channel index).
The entangler consists of an adiabatic point contact flanked by a pair of tunneling point contacts.
The irreducible 3-qubit entanglement is characterized by the tangle, which is expressed in terms of
the transmission matrices of the tunneling point contacts. The maximally entangled Greenberger-
Horne-Zeilinger (GHZ) state is obtained for channel-independent tunnel probabilities. We show
how low-frequency noise measurements can be used to determine an upper and lower bound to the
tangle. The bounds become tighter the closer the electron-hole state is to the GHZ state.
PACS numbers: 03.67.Mn, 03.65.Ud, 73.43.Qt, 73.50.Td
I. INTRODUCTION
This paper continues the research program of Ref. [1]:
To develop methods for quantum entanglement and spa-
tial separation of quasiparticle excitations in the Fermi
sea, with the special property that they do not require
electron-electron interactions. Interaction-free entangle-
ment schemes provide an altogether different alternative
to proposals based on the Coulomb [2–5] or superconduc-
tive pairing [6–10] interaction. Which method will first
be realized experimentally remains to be seen. Theoret-
ically, there is much to explore in parallel to the experi-
mental developments.
Photons can be entangled without interactions, but not
if the sources are in thermal equilibrium [11–13]. What
was shown in Ref. [1] is that this optical “no-go theorem”
does not apply to the Fermi sea. Entangled electron-hole
excitations can be extracted from a degenerate electron
gas at a tunnel barrier and then spatially separated by an
electric field — even under conditions of (local) thermal
equilibrium. Since this entanglement mechanism relies on
single-particle elastic scattering, no control over electron-
electron interactions is required.
Interaction-free entanglement in the Fermi sea has now
been studied in connection with counting statistics [14],
teleportation [15], the Hanbury-Brown–Twiss effect [16],
and chaotic scattering [17]. All these works deal with
the bipartite entanglement of a pair of qubits. In the
present paper we set the first step towards general mul-
tipartite entanglement, by studying the interaction-free
entanglement of three qubits.
The proposed three-qubit entangler is sketched
schematically in Fig. 1. As in the original three-photon
entangler of Zeilinger et al. [18], we propose to create
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FIG. 1: Schematic description of the creation of three-qubit
entanglement out of two entangled electron-hole pairs in the
Fermi sea. The left and right entangler consist of a tun-
nel barrier over which a voltage V is applied. For a sim-
plified description we assume spin entanglement in the state
(| ↑h↑e〉+ | ↓h↓e〉)/
√
2, where the subscripts e, h refer to elec-
tron and hole spin. (The more general situation is analyzed in
Sec. II.) The two electrons meet at a polarizing beam splitter,
which fully transmits the up-spin and fully reflects the down-
spin. If the outgoing ports A, B contain one electron each,
then they must both have the same spin. The corresponding
outgoing state has the form (| ↑h↑h↑e↑e〉 + | ↓h↓h↓e↓e〉)/
√
2.
Since the two electrons at A,B are constrained to have the
same spin, this four-particle GHZ state represents three inde-
pendent logical qubits.
three-qubit entanglement out of two entangled electron-
hole pairs. The key distinction between the two schemes
is that the sources in the electronic case are reservoirs
in thermal equilibrium, in contrast to the single-photon
sources of Ref. [18]. In the next section we propose a
physical realization of Fig. 1, using edge channels in the
quantum Hall effect. A pair of edge channels represents
a qubit, either in the spin degree of freedom (if the edge
channels lie in the same Landau level), or in the orbital
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2degree of freedom (if the spin degeneracy is not resolved
and the edge channels lie in two different Landau levels).
The irreducible tripartite entanglement is quantified
by the tangle τ of Coffman, Kundu, and Wootters [19],
which is the three-qubit analogue of the concurrence
[20]. The tangle is unity for the maximally entangled
Greenberger-Horne-Zeilinger (GHZ) state and vanishes
if one qubit is disentangled from the other two [21]. We
would like to measure τ by correlating current fluctua-
tions, following the same route as in the bipartite case
[10, 22, 23]. There the concurrence of the electron-hole
pair could be related directly to second order current cor-
relators through the maximal violation of a Bell inequal-
ity [1, 16, 17] — at least in the absence of decoherence
[24].
While there exists a one-to-one relation between con-
currence and Bell inequality for any pure state of two
qubits [25], no such relation is known for τ . A recent
numerical investigation [26] has found a simple set of up-
per and lower bounds for τ . Since these bounds become
tighter and tighter as the state approaches the GHZ state,
they should be of practical use.
The outline of this paper is as follows. In Secs. II and
III we construct the three-qubit state and calculate its
tangle. Unlike the concurrence, the tangle depends not
only on the transmission eigenvalues of the point con-
tact entanglers, but also on the eigenvectors. In Sec. IV
we give the bounds on τ determined by the maximal vi-
olation of a Bell inequality. Two tripartite inequalities
are compared, one due to Mermin [27] and the other to
Svetlichny [28].
The maximization in these inequalities is over local
unitary transformations of the three qubits, represented
by rotated Pauli matrices c ·σ (with c a unit vector). In
our case the third qubit is special, because it is composed
of a pair of electrons with the same channel index. This
defines a preferential basis for the third qubit. In Sec. V
we derive that fourth order irreducible current correlators
give a constrained maximization of the Bell inequalities.
The constraint is that the rotation vector c of the third
qubit lies in the x− y plane. The first and second qubits
(each consisting of a single hole) can be rotated freely in
all three directions. Since the bounds on τ are unaffected
by this constraint, it is not a problem. For generality, we
show in the Appendix how the constraint on the axis of
rotation of the third qubit can be removed by including
also information from second order correlators.
We conclude in Sec. VI.
II. PRODUCTION OF THE ENTANGLED
STATE
Fig. 2 shows our proposal for a physical realization of
the schematic diagram in Fig. 1. A three-qubit entangler
of edge channels in the quantum Hall effect is constructed
by combining a pair of tunneling point contact entanglers
from Ref. [1] with an adiabatic point contact (which acts
as a polarizing beam splitter). Two voltage sources each
excite two edge channels in a narrow energy range eV
above the Fermi level. (We will disregard the energy as
a separate degree of freedom in what follows.)
After scattering by the three point contacts, the four
excitations are distributed in different ways over the four
edges L,R,A,B. We consider only the terms with one
excitation at each edge. This means one excitation (with
creation operator a†L,i) of edge channel i = 1, 2 at the far
left, another excitation a†R,j of edge channel j at the far
right, and two more excitations a†A,k, a
†
B,l of edge chan-
nels k, l at opposite sides of the central point contact.
The polarizing beam splitter ensures that k = l, mean-
ing that the two excitations at A and B have the same
channel index. They constitute a single qubit, which is
entangled with the two excitations at L and R.
To extract the terms with one excitation at each edge
from the full wave function |Ψ〉, we project out doubly-
occupied edges. (Note that if no edge is doubly occupied,
then the four excitations must be distributed evenly over
the four edges.) The projection operator is
P = (1− nL,1nL,2)(1− nR,1nR,2)
× (1− nA,1nA,2)(1− nB,1nB,2), (2.1)
with number operator nX,i = a
†
X,iaX,i. The projected
wave function takes the form
P|Ψ〉 =
∑
i,j,k
(rLσyt
T
L)ik(rRσyt
T
R)jka
†
L,ia
†
R,ja
†
A,ka
†
B,k|0〉,
(2.2)
which we normalize to unity,
|Φ〉 = w−1/2P|Ψ〉, (2.3)
w =
∑
k
(t∗Lσyr
†
LrLσyt
T
L)kk(t
∗
Rσyr
†
RrRσyt
T
R)kk.(2.4)
Here rL, rR, tL, tR are the 2× 2 reflection and transmis-
sion matrices of the left and right point contact, and σy
is a Pauli matrix.
We transform from electron to hole operators (b†L,i =
aL,i, b
†
R,i = aR,i) at the left and right ends, and rede-
fine the vacuum acccordingly: |0′〉 = a†L,1a†L,2a†R,1a†R,2|0〉.
The wave function |Φ〉 transforms into
|Φ′〉 =
∑
i,j,k
mijkb
†
L,ib
†
R,ja
†
A,ka
†
B,k|0′〉, (2.5)
mijk = w
−1/2(σyrLσyt
T
L)ik(σyrRσyt
T
R)jk. (2.6)
The wave function (2.5) describes an entangled state of
a pair of holes at the left and right ends (creation op-
erators b†L,i and b
†
R,j), with a single qubit at the center
consisting of two electrons sharing the same channel in-
dex (creation operator a†A,ka
†
B,k). This three-qubit state
corresponds to the maximally entangled GHZ state
(|↑↑↑〉+|↓↓↓〉)/√2 if mijk = 2−1/2δikδjk (or, more gener-
ally, if mijk = 2
−1/2UikVjk with U, V unitary matrices).
The degree of entanglement in the general case is calcu-
lated in the next section.
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FIG. 2: Proposed realization of the three-qubit entangler, using edge channels in the quantum Hall effect. The left and
right point contacts (scattering matrices SL, SR) each produce entangled electron-hole pairs in the Fermi sea. They partially
transmit and reflect both edge channels, analogously to beam splitters in optics. The central point contact is the analogue of a
polarizing beam splitter: It fully transmits the inner edge channel and fully reflects the outer one. Three-qubit entanglement
results if there is one excitation at each of the four edges L,R,A,B. The two electron excitations at A and B then have
the same channel index, so they constitute a single qubit. This qubit forms a three-qubit entangled state with the two hole
excitations at L and R.
III. CALCULATION OF THE DEGREE OF
ENTANGLEMENT
To quantify the irreducible three-qubit entanglement
contained in the wave function (2.5), we use the tangle
[19]
τ = 2
∣∣∣∑mijkmi′j′lmnpk′mn′p′l′εii′εjj′εkk′εll′εnn′εpp′ ∣∣∣ .
(3.1)
Here  = iσy and the sum is over all indices. The expres-
sion between the modulus signs is the hyperdeterminant
of a rank-three matrix [29]. Substituting Eq. (2.6), we
find that in our case this hyperdeterminant factorizes into
the product of two determinants of rank-two matrices,
τ = 4w−2|Det (rLtTLtRrTR)|2
= 4w−2
∏
i
TL,i(1− TL,i)TR,i(1− TR,i). (3.2)
Here TL,1, TL,2 are the two transmission eigenvalues of
the left point contact (eigenvalues of tLt
†
L), and TR,1, TR,2
are the corresponding quantities for the right point con-
tact.
The tangle reaches its maximal value of unity in the
special case of channel-independent transmission eigen-
values: TL,1 = TL,2 ≡ TL and TR,1 = TR,2 ≡ TR. Then
w = 2TL(1− TL)TR(1− TR), hence τ = 1 — irrespective
of the value of TL and TR. In this special case the state
|Φ′〉 equals the GHZ state up to a local unitary transfor-
mation.
In the more general case of channel-dependent
TL,i, TR,i the tangle is less than unity. We are interested
in particular in the limit that the left and right point
contacts are weakly transmitting: TL,i  1, TR,i  1.
The reflection matrices rL and rR are then approximately
unitary, which we may use to simplify the normalization
constant (2.4). The result for the tangle in this tunneling
limit is
τ =
4TL,1TL,2TR,1TR,2[∑
k(tLt
†
L)kk(tRt
†
R)kk
]2 . (3.3)
In contrast to the concurrence [1], the tangle depends
not only on the transmission eigenvalues but also on the
eigenvectors [through the denominator in Eq. (3.3)].
IV. THREE-QUBIT BELL INEQUALITIES
The tangle is not directly an observable quantity, so it
is useful to consider also alternative measures of entan-
glement that are formulated entirely in terms of observ-
ables. These take the form of generalized Bell inequalities
[30, 31], where the amount of violation of the inequality
(the “Bell parameter”) is the entanglement measure.
A. Bell parameters
Bell inequalities for three qubits are constructed from
the correlator
E(a, b, c) = 〈Φ|(a · σ)⊗ (b · σ)⊗ (c · σ)|Φ〉
=
∑
m∗ijk(a · σ)ii′(b · σ)jj′(c · σ)kk′mi′j′k′ .(4.1)
Here a, b, c are real three-dimensional vectors of unit
length that define a rotation of the Pauli matrices, for
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FIG. 3: Numerically determined maximal violation of the Mermin (M′M) and Svetlichny (M′S) inequalities, for the three-
parameter state (4.6). The primes refer to a maximization constrained by rotation vectors c, c′ in the x − y plane. A range
of values for the tangle τ gives the same maximal violation. The solid curves are the upper and lower bounds (4.8) and (4.9).
The same bounds apply also to the unconstrained Bell parameters MM and MS [26].
example a ·σ ≡ axσx+ayσy +azσz. We choose a pair of
vectors a,a′, b, b′, and c, c′ for each qubit and construct
the linear combinations
E = E(a, b, c′) + E(a, b′, c) + E(a′, b, c)− E(a′, b′, c′),
(4.2)
E ′ = E(a′, b′, c) + E(a′, b, c′) + E(a, b′, c′)− E(a, b, c).
(4.3)
Mermin’s inequality [27] reads |E| ≤ 2, while
Svetlichny’s inequality [28] is |E − E ′| ≤ 4. The GHZ
state violates these inequalities by the maximal amount
(|E| = 4 and |E − E ′| = 4√2 for suitably chosen rota-
tion vectors), while the violation is zero for a separable
state. The maximal violation of Mermin or Svetlichny’s
inequality is a measure of the degree of entanglement of
the state. These “Bell parameters” are defined by
MM = max |E|, MS = max |E − E ′|. (4.4)
The maximization is over the vectors a, b, c, a′, b′, c′
for a given state |Φ′〉.
For later use we also define a second set of Bell param-
eters,
M′M = max
c·zˆ=0=c′·zˆ
|E|, M′S = max
c·zˆ=0=c′·zˆ
|E − E ′|, (4.5)
with zˆ a unit vector in the z-direction. The maximization
is therefore constrained to rotation vectors c, c′ in the
x − y plane. (The other rotation vectors a,a′, b, b′ may
vary in all three directions.)
B. Relation between tangle and Bell parameters
We seek the relation between the tangle and these Bell
parameters, for states of the form (2.5). These states
constitute a three-parameter family, with equivalence up
to local unitary transformations. (The full set of three-
qubit pure states form a five-parameter family [29].) A
convenient spinor representation is [32]
|Φ〉 = cosα
∣∣∣∣(10
)(
1
0
)(
1
0
)〉
+ sinα
∣∣∣∣(cosβsinβ
)(
cos γ
sin γ
)(
0
1
)〉
, (4.6)
with angles α, β, γ ∈ (0, pi/2). The tangle (3.1) is given
in terms of these angles by
τ = (sin 2α sinβ sin γ)2. (4.7)
The special case β = pi/2 = γ was studied by Scarani
and Gisin [33]. Even in that one-parameter case no ex-
act analytical formula could be derived for the maxi-
mal violation of the Bell inequality. The lower bound
MM > max(4
√
τ , 2
√
1− τ) was found numerically to be
very close to the actual value.
In the more general three-parameter case (4.6) there
is no one-to-one relation between tangle and maximal
violation of a Bell inequality. Still, the Bell inequalities
are useful because they give upper and lower bounds for
the tangle, which become tighter the larger the violation.
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FIG. 4: Schematic diagram of a channel mixer UX followed
by a channel-resolved current detector, needed to measure the
Bell parameters. Each contact to ground in Fig. 2 is replaced
by such a device (with X = L,R,A,B).
This was found in Ref. [26] for the unconstrained Bell
parameters.
The bounds hold in the nonclassical interval: 2 <
MM < 4, 4 < MS < 4
√
2. For a given Bell parame-
ter in this interval the tangle is bounded by
max(0,M2M/8− 1) < τ <M2M/16, (4.8)
M2S/16− 1 < τ <M2S/32. (4.9)
The numerical results shown in Fig. 3 demonstrate that
the same bounds apply also to the constrained maximiza-
tion. These bounds do not have the status of exact an-
alytical results, but they are reliable representations of
the numerical data. As expected [34], the same violation
of the Svetlichny inequality gives a tighter lower bound
on the tangle than the Mermin inequality gives.
V. DETECTION OF THE ENTANGLED STATE
For the entanglement detection each contact to ground
X = L,R,A,B is replaced by a channel mixer (repre-
sented by a unitary 2 × 2 matrix UX), followed by a
channel selective current meter IX,i (see Fig. 4). Low-
frequency current fluctuations δIX,i(ω) are correlated for
different choices of the UX , and the outcome is used to
determine the Bell parameters. These correlators can be
calculated using the general theory of Levitov and Leso-
vik [35].
All second and third order correlators involving both
contacts L and R vanish. The first non-vanishing corre-
lator involving both L and R is of fourth order,
〈〈δIL,i(ω1)δIR,j(ω2)δIA,k(ω3)δIB,l(ω4)〉〉
= (e5V/h)2piδ
( 4∑
n=1
ωn
)
Cij,kl. (5.1)
Here 〈〈· · ·〉〉 denotes the irreducible part of the correlator,
defined generally by
〈〈δx1δx2δx3δx4〉〉 = 〈δx1δx2δx3δx4〉 − 〈δx1δx2〉〈δx3δx4〉
− 〈δx1δx3〉〈δx2δx4〉 − 〈δx1δx4〉〈δx2δx3〉. (5.2)
The polarizing beam splitter ensures that there is only
a single independent irreducible correlator with respect
to variation of the indices k and l:
Cij,11 = Cij,22 = −Cij,12 = −Cij,21 ≡ Cij . (5.3)
We obtain the following expression for Cij in terms of the
transmission and reflection matrices:
Cij = 2 Re
{
αβ(tLr
†
LU
†
L)1i(tRr
†
RU
†
R)1j(tLr
†
LU
†
L)
∗
2i
× (tRr†RU†R)∗2j
}
, (5.4)
α = UA,11U
∗
A,12, β = UB,11U
∗
B,12. (5.5)
We write αβ ≡ ζ.
We wish to relate the current correlator to the ma-
trix of coefficients mijk that characterizes the three-qubit
state (2.5). This becomes possible in the tunneling limit,
when rL and rR may be approximated by two unitary
matrices. We apply to Eq. (2.6) the identity [15]
Uσy = (DetU)σyU
∗, (5.6)
valid for any 2 × 2 unitary matrix U . Note that the
determinant DetU is simply a phase factor eiφ. We find
Cij = 2w|ζ|Re eiΩm˜ij1m˜∗ij2, (5.7)
m˜ijk =
∑
i′,j′
U∗L,ii′U
∗
R,jj′mi′j′k. (5.8)
The weight w in the tunneling limit can be obtained by
measuring separately the current into contacts A and B
when either the left or the right voltage source is switched
off. If the right voltage source is off, then we measure
the mean currents IL→A = (e2V/h)(tLt
†
L)22 and IL→B =
(e2V/h)(tLt
†
L)11. Similarly, if the left voltage source is
off, we measure IR→A = (e2V/h)(tRt
†
R)11 and IR→B =
(e2V/h)(tRt
†
R)22. The weight factor is given by
w = (e2V/h)−2 (IL→BIR→A + IL→AIR→B) . (5.9)
We are now ready to express the Bell parameters of
Sec. IV A in terms of current correlators. We define the
linear combination
F (UL, UR, ζ) = w
−1 (C11 + C22 − C12 − C21) . (5.10)
Using Eq. (5.7) we arrive at
F (UL, UR, ζ) = |ζ|
∑
m∗ijk(U
†
LσzUL)
∗
ii′(U
†
RσzUR)
∗
jj′
× (σx cos Ω + σy sin Ω)kk′mi′j′k′ ,
(5.11)
where ζ = |ζ|eiΩ. Note that (U†σzU)∗ with unitary U
and a·σ with unit vector a are equivalent representations
of rotated Pauli matrices. We indicate this equivalence
relation by writing (U†σzU)∗ = aU · σ.
Comparing Eqs. (4.1) and (5.11) we thus conclude that
F (UL, UR, ζ) = |ζ|E(aUL , bUR , c), c = (cos Ω, sin Ω, 0).
(5.12)
The two correlators F and E are equivalent provided that
the unit vector c lies in the x−y plane. The unit vectors
a and b are not so constrained.
The Bell parameters M′M and M′S follow from
6M′M = 4 max |F (UL, UR, ζ ′) + F (UL, U ′R, ζ) + F (U ′L, UR, ζ)− F (U ′L, U ′R, ζ ′)|, (5.13)
M′S = 4 max |F (UL, UR, ζ ′) + F (UL, U ′R, ζ) + F (U ′L, UR, ζ)− F (U ′L, U ′R, ζ ′)
− F (U ′L, U ′R, ζ)− F (U ′L, UR, ζ ′)− F (UL, U ′R, ζ ′) + F (UL, UR, ζ)|. (5.14)
The maximization is over the 2 × 2 unitary matrices
UL, UR, UA, UB , U
′
L, U
′
R, U
′
A, U
′
B . (We have used that the
maximum is reached for |ζ|, |ζ ′| = 1/4.)
Eqs. (5.13) and (5.14) demonstrate that the irreducible
fourth order current correlators measure the constrained
Bell parameters M′M,S. The constraint is that the rota-
tion vector of the third qubit lies in the x− y plane. As
discussed in Sec. IV B, these quantities contain essentially
the same information about the tangle of our three-qubit
state as the unconstrained Bell parameters MM,S.
One might wonder whether it is possible at all to ex-
press the unconstrained Bell parameters in terms of low-
frequency current corrrelators. The answer is Yes, as we
show in the Appendix. The constraint on the rotation of
the third qubit can be removed by including also prod-
ucts of second order correlators.
VI. CONCLUSION
We conclude by listing similarities and differences be-
tween the scheme for three-qubit entanglement in the
Fermi sea presented here and the two-qubit scheme of
Ref. [1]. This comparison will also point to some direc-
tions for future research.
• Both schemes require neither electron-electron in-
teractions nor single-particle sources. Elastic scat-
tering from a static potential and sources in ther-
mal equilibrium suffice. This sets apart the present
solid-state proposal from existing quantum optics
proposals [18], which require either nonlinear media
or single-photon sources to produce a GHZ state.
• The scheme of Ref. [1] is capable of producing the
most general two-qubit entangled pure state, by
suitably choosing the scattering matrix of the tun-
nel barrier. The present scheme, in contrast, is lim-
ited to the production of the three-parameter sub-
set (4.6) of the most general five-parameter family
of three-qubit entangled pure states [29]. This sub-
set is characterized by the property that tracing
over the third qubit results in a mixed two-qubit
state which is not entangled. The origin of this re-
striction is that the three-qubit state is constructed
out of two separate entangled electron-hole pairs.
• The two-qubit entangler can produce maximally
entangled Bell pairs as well as partially entangled
states, as quantified by the concurrence. Similarly,
the three-qubit entangler can produce maximally
entangled GHZ states as well as states that have a
smaller degree of tripartite entanglement, as quan-
tified by the tangle [19]. However, in the three-
qubit case there is a second class of states that
are irreducibly entangled and can not be obtained
from the GHZ state by any local operation [21].
These socalled W-states are not accessible by our
scheme. It would be interesting to see if there exists
an interaction-free method to extract the W-state
out of the Fermi sea, or whether this is impossible
as a matter of principle.
• The concurrence of the electron-hole pair can be
measured using second order low-frequency current
correlators [1, 16]. We have found that the tangle
can be determined from fourth order correlators,
but the method presented here only gives upper
and lower bounds. The bounds become tight if the
state is close to the maximally entangled GHZ state
[26], so they are of practical use. Still, it would be of
interest to see if there exists an alternative method
to measure the actual value of the tangle, even if
the state is far from the maximally entangled limit.
• Low-frequency noise measurements can determine
the degree of entanglement within the context of a
quantum mechanical description, but they can not
be used to rule out a description in terms of lo-
cal hidden variables. That requires time resolved
detection [23]. For the tunnel barrier entangler the
detection time should be less than the inverse e/I¯ of
the mean current, corresponding to the mean time
between subsequent current pulses. For our three-
qubit entangler the requirement is more stringent:
The detection time should be less than the coher-
ence time h/eV , corresponding to the width of a
current pulse. This is the same condition of “ul-
tracoincident detection” as in the quantum optical
analogue [18].
• We have restricted ourselves to entanglers in the
tunneling regime. In the two-qubit case, it is pos-
sible to measure the concurrence even if the trans-
mission probabilities of the entangler are not small
compared to unity [17]. A similar generalization is
possible in the three-qubit case (cf. App. A).
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Appendix A: Relation between unconstrained Bell
parameters and current correlators
To relate the unconstrained Bell parameters MM and
MS to low-frequency current fluctuations we need to con-
sider also second order correlators. These have the gen-
eral form
〈δIX,i(ω1)δIY,j(ω2)〉 = (e3V/h)2piδ
(
ω1 + ω2
)
KXYij ,
(A1)
with X,Y ∈ {L,R,A,B} and i, j ∈ {1, 2}. We seek the
combination
KLAik K
RB
jl +K
LB
il K
RA
jk ≡ Kij,kl (A2)
involving all four contacts. It is determined by the trans-
mission and reflection matrices of the left and right point
contact,
Kij,kl =
∑
p=1,2
∣∣∣(UA)kp(UB)lp(tLr†LU†L)pi(tRr†RU†R)pj∣∣∣2 .
(A3)
We now take the tunneling limit to relate the current
correlators to the matrix of coefficients (2.6). Using the
identity (5.6) we find
Kij,kl = w
∑
p
|(UA)kp(UB)lpm˜ijp|2 . (A4)
The weight w can be determined from the mean cur-
rents, as explained in Sec. V, or alternatively from w =∑
i,j,k,lKij,kl.
The two real numbers |α|2 = |UA,11|2(1−|UA,11|2) and
|β|2 = |UB,11|2(1 − |UB,11|2) in Eq. (5.4) can be deter-
mined separately by measuring what fraction of the mean
current in contacts A or B ends up in channel 1. We use
this to construct the function
F˜ (UL, UR,Ω, |α|) = 2w−1|β|−1 (C11 + C22 − C12 − C21)
= 2|α|
∑
m∗ijk(U
†
LσzUL)
∗
ii′(U
†
RσzUR)
∗
jj′(σx cos Ω + σy sin Ω)kk′mi′j′k′ , (A5)
with αβ = |α||β|eiΩ. Comparing Eqs. (4.1) and (A5) we see that
F˜ (UL, UR,Ω, |α|) = 2|α|E(aUL , bUR , c), c = (cos Ω, sin Ω, 0). (A6)
Eq. (A6) has the constraint that c is in the x− y plane. In order to access also components of c in the z-direction
we include the product of second order correlators:
G(UL, UR, ξ) = w
−1 ∑
i,j,k,l=1,2
(−1)i+1(−1)j+1(−1)k+1Kij,kl
=
∑
m∗ijk(U
†
LσzUL)
∗
ii′(U
†
RσzUR)
∗
jj′(ξσz)kk′mi′j′k′ , (A7)
with ξ = 2|UA,11|2 − 1. Adding F˜ and G we arrive at
F˜ (UL, UR,Ω, |α|) +G(UL, UR, ξ) = E(aUL , bUR , c),
c = (2|α| cos Ω, 2|α| sin Ω, ξ). (A8)
Note that ξ2 + 4|α|2 = 1, so c is a unit vector — as it
should be.
By varying over the unitary matrices UL, UR, and UA
one can now determine the unconstrained Mermin and
Svetlichny parameters (4.4), using only low-frequency
noise measurements.
Eq. (A8) still requires the tunneling regime
(TL,i, TR,i  1). It is possible to relax this condi-
tion, by adding products of mean currents to the
second and fourth order irreducible correlators. The
entire expression then takes the form of a fourth order
reducible correlator, which is directly related to a Bell
inequality formulated in terms of equal-time correlators
of the currents at contacts L,R,A,B. This is analogous
to the calculation of the concurrence in Ref. [17].
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